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Abstract

Current methodologies used for the inference of thin film stress through curvature measurement are strictly restricted to
stress and curvature states that are assumed to remain uniform over the entire film/substrate system. These methodologies
have recently been extended to a single layer of thin film deposited on a substrate subjected to the non-uniform misfit strain
in the thin film. Such methodologies are further extended to multi-layer thin films deposited on a substrate in the present
study. Each thin film may have its own non-uniform misfit strain. We derive relations between the stresses in each thin film
and the change of system curvatures due to the deposition of each thin film. The interface shear stresses between the adja-
cent films and between the thin film and the substrate are also obtained from the system curvatures. This provides the basis
for the experimental determination of thin film stresses in multi-layer thin films on a substrate.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Stoney (1909) studied a system composed of a thin film of thickness /4, deposited on a relatively thick sub-
strate, of thickness 4, and derived a simple relation between the curvature, k, of the system and the stress, D,

of the film as follows:

2
N Ehx

(f) — __Z5%s™
7 T o1 —vy)

(1.1)

In the above the subscripts “f”” and “s” denote the thin film and substrate, respectively, and £ and v are the
Young’s modulus and Poisson’s ratio. Eq. (1.1) is called the Stoney formula, and it has been extensively used
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in the literature to infer film stress changes from experimental measurement of system curvature changes (Fre-
und and Suresh, 2004).
Stoney’s formula was based on the following assumptions, some of which have been relaxed.

(i) Both the film thickness /; and the substrate thickness /i are uniform and Ay < hy < R, where R repre-
sents the characteristic length in the lateral direction (e.g., system radius R shown in Fig. 1). This
assumption was recently relaxed for the thin film and substrate of different radii (Feng et al., 2006)
and for arbitrarily non-uniform film thickness (Ngo et al., 2007). Their analytical results have been ver-
ified the X-ray microdiffraction experiments (Brown et al., 2007).

(i1) The strains and rotations of the plate system are infinitesimal. This assumption has been relaxed by var-
ious “large” deformation analyses (Masters and Salamon, 1993; Salamon and Masters, 1995; Finot
et al., 1997; Freund, 2000), some of which have been validated by experiments (Lee et al., 2001; Park
et al., 2003).

(ii1) Both the film and substrate are homogeneous, isotropic, and linearly elastic. To our best knowledge this
assumption has not been relaxed yet.

(iv) The film stress states are equi-biaxial (two equal stress components in any two, mutually orthogonal in-
plane directions) while the out-of-plane direct stress and all shear stresses vanish. This assumption has
been relaxed for non-equi-biaxial stress states (Shen et al., 1996; Wikstrom et al., 1999a; Park and Sur-
esh, 2000; Freund and Suresh, 2004).

(v) The system’s curvature components are equi-biaxial (two equal direct curvatures) while the twist curva-
ture vanishes in all directions. This assumption has been relaxed for non-equi-biaxial curvature compo-
nents and non-vanishing twist components (Shen et al., 1996; Wikstrom et al., 1999b; Park and Suresh,
2000; Freund and Suresh, 2004).

(vi) All surviving stress and curvature components are spatially constant over the plate system’s surface, a
situation that is often violated in practice. Recently, Huang et al. (2005) and Huang and Rosakis
(2005) relaxed this assumption for the thin film/substrate system subjected to non-uniform, axisymmetric
misfit strain (in thin film) and temperature change (in both thin film and substrate), respectively, while
Ngo et al. (2006) and Huang and Rosakis (in press) studied the thin film/substrate system subject to arbi-
trarily non-uniform (e.g., non-axisymmetric) misfit strain and temperature. Their most important result
is that the film stresses depend non-locally on the system curvatures, i.e., they depend on curvatures of the
entire system.

nth layer film

1st layer film

substrate

Fig. 1. A schematic diagram of multi-layer thin films deposited on a substrate, showing the cylindrical coordinates (r, 0, z).
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Despite the explicitly stated assumptions of spatial stress and curvature uniformity, the Stoney formula is
often, arbitrarily, applied to cases of practical interest where these assumptions are violated. This is typically
done by applying Stoney’s formula pointwise and thus extracting a local value of stress from a local measure-
ment of the curvature of the system. This approach of inferring film stress clearly violates the uniformity
assumptions of the analysis and, as such, its accuracy as an approximation is expected to deteriorate as the
levels of curvature non-uniformity become more severe.

Many thin film/substrate systems involve multiple layers of thin films. The main purpose of this paper is to
extend the above analyses by Huang, Rosakis and co-workers to a system composed of multi-layer thin films
on a substrate subjected to non-uniform misfit strain distribution. We will relate stresses in each film and sys-
tem curvatures to the misfit strain distribution, and ultimately derive a relation between the stresses in each
film and system curvatures that would allow for the accurate experimental inference of film stresses from
full-field and real-time curvature measurements.

2. Axisymmetric misfit strains

We first consider a system of multi-layer thin films deposited on a substrate subjected to axisymmetric misfit
strain distribution sf,? (r) in the ith layer (i = 1,2,...,n), where r is the radial coordinate, and 7 is the total num-
ber of layers of thin films (Fig. 1). The thin films and substrate are circular in the lateral direction and have a
radius R. The deformation is axisymmetric and is therefore independent of the polar angle 0.

2.1. Governing equations

Let A, (i = 1,2,...n) denote the thickness of the ith thin film (Fig. 1). The total thickness iy = > Ay, of all
n films is much less than the substrate thickness /4, and both are much less than R, i.e. i < hy < R. The
Young’s modulus and Poisson’s ratio of the ith thin film and substrate are denoted by Ey,, v, Es and v,
respectively.

The substrate is modeled as a plate since it can be subjected to bending and A, < R. The thin films are mod-
eled as membranes that have no bending rigidities due to their small thickness i < ?S. Therefore they all have

the same in-plane displacement u(r) in the radial (r) direction. The strains are ¢, = 3+ and &g = “*. The stres-

ses in the ith thin film can be obtained from the linear elastic constitutive model as
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The membrane forces in the ith thin film are
NSf’) = hfio-££i)7 Ngf’) = hf,.O'g,f). (2.2)

For non-uniform misfit strain &) (r), the shear stress tractions along the film/film and film/substrate interfaces
do not vanish, and are denoted by 7'(r) (i =1,2,...,n) as shown in Fig. 2. The normal stress tractions still
vanish because thin films have no bending rigidities. The equilibrium equations for thin films, accounting
for the effect of interface shear stress tractions, become

dy@ - N N(fi)

r + r 0
dr r

where 7,1 = 0 for the traction free surface. Substitution of Egs. (2.1) and (2.2) into (2.3) and the summation
of its left hand side yield

dzuf 1 duf Ug " Efvhfv " Efvhfv d8<i)
- o it (1) 2 il m . 24
<dr2 + r dr r2> — 1 v%l oo — 1 —vy, dr (2:4)

— (1= 1) = 0, (2:3)
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Fig. 2. A schematic diagram of the non-uniform shear traction distribution at the film/substrate and film/film interfaces.

Let u denote the displacement in the radial (r) direction at the neutral axis of the substrate, and w the displace-
ment in the normal (z) direction. The forces and bending moments in the substrate are obtained from the lin-
ear thermo-elastic constitutive model as

T 1= \dr "7
v\ dr r 2.5)
(s) Eshs dus Uy
N = =
0 1-v2\"dr 7))’
Eshs dw v dw
Mr = TA71 |\ 35 I K
12(1 =v2)\dr2 ~ r dr

2.6

Mo = Eshg vd2w+1dw (2.6)
0_12(1—v§) drrordr )’

The shear stress t'") at the thin film/substrate interface is equivalent to the distributed axial force 7" and bend-

ing moment % t(V applied at the neutral axis of the substrate. The in-plane force equilibrium equation of the
substrate then becomes

dN®  NO N

- L4+ =0. 2.7
dr + r T (2.7)
The out-of-plane force and moment equilibrium equations are given by
dM, M, —M, hs o)
_=s =0 2.8
dr + r +0 2" ’ (2.8)
d
.2 (2.9)
dr r
where Q is the shear force normal to the neutral axis. Substitution of Eq. (2.5) into Eq. (2.7) yields
d*uy 1dug u 1—v2
SR R R B AL 2.10
dr? + rdr 2 Ehy ! (2.10)

Elimination of Q from Egs. (2.8) and (2.9), in conjunction with Eq. (2.6), gives
dw 1dw  Ldw_6(1-%) g

—t-———=—= . 2.11
dr? + rdr2 2 dr Eshi ( )
The continuity of displacement across the thin film/substrate interface requires
hs dw
=y —— —. 2.12
up =ty == (2.12)

Egs. (2.4) and (2.10), (2.11), (2.12) constitute four ordinary differential equations for ug, us, w and V.
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We can eliminate ug, us and w from these four equations to obtain the shear stress 7D at the thin film/sub-

strate interface in terms of the misfit strains. For /¢ < hg, t!) and the shear stresses (i=2,3,...,n) between
thin films
. " Ef.hf. d‘g(i>
(i) _— o m
T = — E — L —n 2.13
— 1—v, dr (2.13)

This is a remarkable result that holds regardless of boundary conditions at the edge r = R. Therefore, the
interface shear stress is proportional to the gradient of misfit strains. For uniform misfit strains
&) (r) = constant, the interface shear stress vanishes, i.e., t'" = 0.

Substitution of the above solution for shear stress t'") into Eqgs. (2.11) and (2.10) yields ordinary differential
equations for displacements w and u in the substrate. Their solutions, at the limit of A < A, are

dw l—V21 thf . B]
aw _ ¢ Z &0 (n)dy + 2L 2.14
dr ER 7 / Ty on A0+ (2.14)
1— 21 E . B
T / Z W0 (nyn + 22, (2.15)
T 2

where B; and B, are to be determined. The displacement u; in the film is obtained from the continuity condi-
tion (2.12) across the interface as

1— 21 E¢hg, B, hB
ur = Y / Z f fs(’> n+(22— 41)r. (2.16)

The first boundary condition at the free edge » = R requires that the net force vanish,

S NI 4 NY =0atr=R, (2.17)

which gives

(1 — VS)Z L E[‘,.h[". W
By 2t T—w, " (2.18)

B, =

for he < hs, where &) = w f neld (n)dn = I f 1s the average misfit strain in the ith thin film. The second
boundary condition at the free edge r=Ris Vamshmg of net moment, i.e.,

h n
_ (f) — _
M, > ;:1 N =0atr=R, (2.19)
which gives

1—v)° <~ Ephy, 3
B = g0 =" 3 nh 0 (2.20)

2.2. Stresses in multi-layer thin films and system curvatures

The system curvatures are related to the out-of-plane displacement w by k. = ‘fr‘; and rg =14 % The sum
of these two curvatures is
E¢ hy, W l+v/w O
K + Koo = — Z 1— v B (bm - éfm> . (221)

The difference between two system curvatures is
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The sum and difference of stresses in each thin film are given by
. E .
ol +apy = ———(=2¢)), (2.23)
1-— Ve,
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It is noted that 6™ — ¢{/) is in general expected to be smaller than o) + o\t for /g/h, < 1.

2.3. Extension of Stoney formula for a multi-layer thin film/substrate system

We extend the Stoney formula for a multi-layer thin film/substrate system subjected to non-uniform mis-
fits by establishing the direct relation between the stresses in each thin ﬁlrEnhand system curvatures. Both
Kyr — Koo in Eq. (2.22) and o) — gl in Eq. (2.24) are proportional to 37 7% m [e — 2 [“neld (n)dn]. Elim-
ination of misfit strains gives o) — oéf,f) in each film directly proportional to the dlfference Ky — Kgo 1N SYS-

tem curvatures,
) 2E¢h
() _ 00 _ fil%s — 2.25
g Gy = Ky — Kpg)- .
r 00 3(1 + Vf,-) ( 99) ( )

(f:)
0

We now focus on the sum of thin-film stresses aﬁf” + 0, and sum of system curvatures k,, + xgp. The average

system curvature k., + kg is defined as

Kpr + Koo = // K + Koo)ndndl = = / N1, + Kop)dn. (2.26)

It can be related to the average misfit strains by averaging both sides of Eq. (2.21), i.e.,

S Eihe, ~&
Ky + Koo = E hz Z 1 — Vi, 8 . (227)

The deviation from the average curvature, i, + kg9 — K, + Kgg, can be related to the deviation from the aver-
age misfit strains as

- Ef hf 0]
. % — 6 ) _ DY 228
Ky + Koo — Ky + Koo Ehzzl—vf<8 8) (2.28)

Elimination of misfit strains > = (s(i) - sﬁ,?) and average misfit strains >

i=1 1—vg, m
1

sm & from Egs. (2.27),

i= 1 1
(2.28) and (2.23) gives the sum of thin-film stresses in terms of system curvature as

N

i - EJ; -,
—t (f7) (f,)) — o ss 229
; he (O'rr + Oy 6(1 — Vs)hf |:Krr + Kgg +——— 1+ (Krr + Koo — K + K%) , ( )

where by = ) 1ht is the total thickness of thin films. Eq. (2.29) only gives the weighted sum of stresses in all
thin films, 377 5- ( o) + aff(,">), in terms of the system curvatures, but not stresses in each thin film.

It is clear that the curvatures alone for a system with all # thin films are not sufficient to determine the stres-
ses in all thin films. Additional parameters that can be measured in experiments are needed for the complete
determination of all ﬁlm stresses. One possibility is the system curvatures KD and rcg ) after the first i thin films
are deposited, and Kr = K, and KHH = Ky9. The system curvatures ;c and K can be measured during the
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deposition process, or after the deposition process by etching the top n — i thin films away. The stresses in the
ith thin film are then given by

o) 4 ol = ﬁ Ak + Ak + i - : (42 + arcy — axl) + Axﬁ,@)} : (2.30)
where

Ak = i) — D and Axl) = ) — il (2.31)
are the change of system curvatures due to the deposition of the ith thin film, and «(¥ (0) = 0. The above

equation is identical to its counterpart for a single layer of thin ﬁlrn (Ngo et al., 2006) except that its curvatures
are replaced by the change of system curvatures Ax) and AKO(, in Eq. (2.31). Eq. (2.31), together with Eq.
(2.25), provides the direct relation between stresses in each thin film and system curvatures. The thin-film stres-

ses at a point depend not only on the change of system curvatures Ax!) + Axffg at the same point (local depen-

dence), but also on the average change of system curvatures At + AK% in the entire system (non-local
dependence).

The interface stress 1) between the substrate and the first thin film and ) between thin films in Eq. (2.13)
can also be given by system curvatures

, Ehn I~ d Eh? d , -
(i) — sty __ Ly d . e D)
TR ; dr (AK a ”") 6(1—?2) dr (K” + Koo = Ky Koo ) (2.32)

where x0 = Ké%) = 0. The above equation provides a remarkably simple way to estimate the interface shear
stresses from radial gradients of the two non-zero system curvatures. The shear stresses are responsible for
promoting system failures through debonding of thin films.

3. Non-axisymmetric misfit strains

We extend the analysis in the previous section to a system of multi-layer thin films deposited on a substrate
to arbitrary non-uniform misfit strains. The analysis is also an extension of Ngo et al (2007) from a single thin
film to multi-layer thin films. The non-uniform misfit strain in the ith thin film, £?)(r, 0), can be expanded to
the Fourier series

e (r,0) = Z .s( " (r)cos k0 + Z 8,” ) sin k0, (3.1
k=0 k=1
where &) (r) = & [27 &l (r, 0)d0, &) (r) = L [T 0 (r,0) cos kOO and &) (r) = L [7&)(r,0) sink0dO (k > 1).

3.1. Stresses in multi-layer thin films and system curvatures

The system curvatures are

o @ dow 18w 0 (1w 62
T " T v T2t T ar\ra0) '
The sum of system curvatures is related to the misfit strain by
a5 () = )
1—v 2 Ef.hf.
Ky + Kog = —12 23 — ~ cos k0 (19 0)d , (3.3)
Eshg = 1= | 1128 5 (kg 1) 25 Jo 1 exc ()

3+vs
k=1

i kO fi e (n)dn
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where &) &) = )(n, @)d4 is the average misfit strain in the ith thin film, d4 = ndyde, and &) &t is also re-
lated to soc by el — fo 11306 n)dn. The difference between two curvatures, k,, — kgg, and the twist ¢ are gi-
ven by
) =% Jineo. dn
R i
1w S kil [ 4 ja] [ coskO fy 0 e d
3 2 e {kﬁ_(k_l)W} . R i1 .(0)
61 g i Eihy k=1 +sink0 [, n* e dn (3.4)
Ky — Koo = 2 00 . ) .
Ehg = 1= | pIR-== (cosk@ Jo k“e,w dn + sink0 [; n**! ?dr,)
=1
=3 (k— 1)k~ 2(cosk@f n' ke dn+smk6f n'- >d11)
=1
R
L & Lh 1 sink0 [ 17"“% dn
S ke [ (k- 125 -
k=1 —coskO [; it & dn
1 - E¢hy, o A ,
K =3 EJ ; -, +sz:1 Bl (smk@f e dn — cos kO [) it ey) dn) (3.5)
=3 (k= 1)r*2 (sink() er n' kel dn — cosk()fr nikel) dn)
=1
The sum ¢ + a /) and differences ¢! — ,()f(,) of stresses and the shear stress 05,3') in the /th thin film are related

to the mlsﬁt stralns by

o ol = B (),
1 —vy,
e =2 [Ty dn
-5
i=1
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~si 2 Ak [k
_;%(smwfo el
0y Bn 1= Eohy +Z(k—1)rk—2(sink9 JEni=+el dn — coskO [* p'—*el) dn>
) : Ji) -
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o0
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i 2 i [~ - D

(1)

The shear stresses r ) and 7:

) between the first thin film and substrate and 7"

thin films are related to the misﬁt strains by

thf
17Vf

682{)
or’

Z

thf 1680
17Vf r 69

Z

dy —coskO [ +'el)

] sink0 [
—coskO [ e dn
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dn)
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)

and 7)) (i=2,3,...

(3.6)

,n) between

(3.9)
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3.2. Extension of Stoney formula for a multi-layer thin film/substrate system

We extend the Stoney formula for a multi-layer thin film/substrate system by establishing the direct relation
between the stresses in each thin film and system curvatures. We define the coefficients Cj and Sy in terms of
the system curvatures k,, + kgg by

Cr = [f (150 + Kl)g)(%)kcosk(pdA

k. (3.10)
Sk = Wff/i Ky + Kﬁﬁ)(%) Slnk([)dA,

where the integration is over the entire area A of the substrate, and d4 = ndnde. The difference in stresses

o'l — agﬂ and shear stress aif,") in the ith film are given in terms of system curvatures by

rr

Eh 4(Krr - K()U)
Ug") — agé') =0 ey Y k-2 . , (3.11)
60 +m) | ~ S k+1) [6()" = (k= 1) (5)" ] (i cos k0 + Sy sin ko)
4Kr)
(f;) Erh ( (3.12)

=TT ) | 4 5e D[RE - 6= D) (Cosinko - Secosko) [

Similar to Section 2.3, we define the system curvatures x, Kﬁ,'g and Kﬁ’()) after the first i thin films are deposited,

which can be measured during the deposition process, or after the deposition process by etching the top n — i
thin films away. The changes of system curvatures due to the ith thin film are

) = wf) =iy Ay =iy — s Ay =g~y (3.13)

rr

where k") = s KW = kgg, k) =19, and kO =kl = O *O We also define the coefficients
AC( and ASk in terms of the changes of system curvatures Ax!) + AK by

ACY = e [ (40 + 4xf)) () cos ke da

. _ (3.14)
A = b ff, (A9 + Ak5)) ()" sin kg dA,
The sum of stresses in the ith film is given in terms of the changes of system curvatures by
R AR + Axly) + 1= T (AK + A — Al + AK%)
o) 4 gl — st (3.15)
r 00 .

6, (1= v,) | _ Lo i (k+1)(5)" (4C) cos k0 + 45} sinko)

where Axl + AKW = AC = I/, Axl) + AKUU\> d4 is the average over entire area 4 of the substrate.
Egs. (3.11), (3.12) and (3 15) provide dlrect relations between stresses in thin films and system curva-
tures. It is important to note that stresses at a point in the thin film depend not only on curvatures at
the same point (local dependence), but also on the curvatures in the entire substrate (non-local
dependence).

The interface shear stresses 1) and rH can also be directly related to substrate curvatures via
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& (ak) + 4y
) = B

SR RS P (A ¥ cos k0 + ASY sin k@) 2y
k=1

1

o= ) (3.16)
Eh2
Ted) Le kf:lk(k +1) z”: ACY | cosk + Zn: 489 sin k6 (ﬁ)k—l ’
‘ & J=i
) _ ER < L3 (A;cg} + K(,))
T = 509 ]z:; SREN i k(k -+ 1) (AC,Ef) sink — A4SV cos kg) (%)k—l
: (3.17)

) s S ke D | {2 A ) sinko — (32 48P ) cosko] (2)F!

2R
k=1 J=i J=i

These provide a way to estimate the interface shear stresses from the gradients of system curvatures. They also
display a non-local dependence.

4. Concluding remarks and discussion

The Stoney formula is extended in the present analysis for multi-layer thin films deposited on a substrate
subjected to non-uniform misfit strains. For multi-layer thin films (i =1,2,...,n) on a substrate, the total sys-
tem curvature k,,. + kg only gives the average stresses in all thin films, not stresses in each thin film. In the
present study the stresses in the ith thin film are obtained in terms of the change of system curvatures
Ak + Axll) due to the deposition of the ith thin film. The interface shear stresses between adjacent thin films
and between the thin film and substrate are also obtained from the curvatures. This provides the basis for
experimental determination of the stresses in each thin film and interface shear stresses.

Similar to a single layer of thin film on a substrate, the stresses in multi-layer thin films are related to the
system curvatures, and such dependence is non-local since the stresses at a point on the film depend on both
the local value of the system curvatures (at the same point) and on the value of curvatures of all other points
on the plate system (non-local dependence).
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